In analyzing a randomized blocks experiment, an investigator may wish to evaluate the effect of blocking on the efficiency of treatment comparisons. We have recently (Samuels, Casella, and McCabe 1990) discussed this topic in the context of a mixed linear model with covariance matrix assumed compound symmetric. The present note suggests a simple approach, valid for an arbitrary covariance matrix, to testing and estimating the effect of blocking on the efficiency of an experiment.
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1. Introduction For a randomized blocks design, it is often appropriate to model blocks as the random factor in a mixed linear model. We have argued recently (Samuels, Casella, and McCabe 1990 ) that in this case it is sensible to test and estimate the impact of blocking on the efficiency of treatment comparisons. Our recent discussion was limited, however, to the case where the covariance matrix of the observations is compound symmetric. The purpose of the present note is to suggest that in many applications the assumption of compound symmetry is neither desirable nor necessary, and to point out that the effect of blocking on efficiency can be tested and estimated without it.
Let Yiik denote the kth observation on the ith treatment in the jth block, i = 1, ... , I; J = 1, ... ,1; k = 1, ... ,K. We assume that the random vectors {Y1j., ... We consider the case of two treatments, I = 2, in Section 2 and extensions to the case I > 2 in Section 3. In Section 4 we discuss the implications of assuming compound symmetry. We summarize our conclusions in Section 5.
In Section 2 and most of Section 3 we will assume that K = 1, and wil~_drop the third subscript and write the observations as {Y;j }. This restriction is for notational simplicity only, and will not limit the applicability of the results.
The Case of Two Treatments
For I = 2, compound symmetry of ~ means simply that the variances are homogeneous, 1.e., Var(Yt) = Var(Y2).
(2.1)
To compare the treatment means, the usual procedures are the paired t test of H 0 : J.ll = J.L 2 and the associated confidence interval for (J.Lt -Jl2)· These procedures are based on the pairwise differences U; defined by U; = Yi;-Y2; and are valid regardless of whether (2.1) holds.
An Efficiency Parameter
The precision of inference on (J.L1 -J.L2) is determined by the variance of (Yi-Y2). For a non-blocked design, Y1 and Y2 are modeled as independent random variables, so that whereas for the blocked design we have
The relative efficiency* of the blocked design is the ratio A of these two variances:
To obtain the same variance as a blocked design with J observations on each treatment, AJ observations on each treatment would be required in a non-blocked design. If the covariance between Y1 and Y2 is negative (a situation unlikely to be encountered in most applications, but possible in principle), then blocking results in a loss, rather than a gain, of efficiency. Estimation of the gain (or, perhaps, loss) of efficiency due to blocking can help an investigator decide whether the blocking was cost effective (it may have been troublesome or expensive), or whether it should be omitted in future studies in similar experimental settings. We consider the estimation of the block effect parameter p, which is related to the relative efficiency ..\ through Equation (2.4).
A natural estimator of p is
This statistic is the maximum likelihood estimator of p, whether or not the variance homogeneity condition (2.1) is assumed to hold (Kristof 1963, Mehta and Gurland 1969) .
Furthermore, it is easy to show that
so that f is easily calculated from the mean squares in the ANOVA Samuels, Casella and McCabe (1990) . Kristof (1972) shows that the confidence interval assuming (2.1) has shorter expected length than the interval (2.13); however, the difference in expected length is very small.
Example
The following example illustrates the testing and estimation of p.
Example 1. For a study of environmental influences on brain anatomy, 24 young male rats, in littermate pairs, were randomly allocated to an "enriched" environ~ent, with toys and companions, or an "impoverished" environment (see Rosenzweig 1972, and Freedman, Pisani and Purves 1978, pp. 451-452) . The observation Y was the weight of the cerebral cortex after one month. The data are shown in Table 2 . For these data, the (two-tailed) The investigator who prefers to avoid a compound symmetry assumption can base tests and estimates of e on the statistics u and
(3.4) j (This approach is similar to that commonly recommended for some "repeated measures"
designs (e.g., Kirk 1982, p. 543; Winer 1971, p. 540) ; in fact, it is equivalent, if each "within-subjects" factor has only two levels.)
Now suppose the investigator wishes to assess the effect of blocking on the efficiency of the analysis based on (3.2) and (3.4). This is easily accomplished, because a simple shift of viewpoint will convert the problem to the form discussed in Section 2.
For a given contrast e defined by (3.1), with corresponding {U;} defined by (3.3), let s+cs-) denote the set of indices i for which Ci is positive (negative and one can test and estimate e using U and SSu, with Ui defined by (3.5). To evaluate the impact of blocking on the efficiency of this analysis, one can apply (2.8), (2.9), (2.11), and (2.13) to Yt and Y 2 * in place of Y1 and Y2.
Testing all Correlations Simultaneously
For each contrast e, the approach of the preceding section defines a parameter, say
Pe, which describes the impact of blocking on the efficiency with which e can be tested or estimated. If ~ is compound symmetric, then p, is the same for any e (see Samuels, Casella, and McCabe 1990) . If~ is arbitrary, however, then p, may vary in magnitude, and even in sign, for various e. It is even possible for Pe to be zero for (I-1) orthogonal e, and yet for some other e to have P~, nonzero.
The null hypothesis
Ho:
is equivalent to asserting that p, is zero for all e. The LRT of (3.6), which is based on the determinant of the sample correlation matrix, has been studied by se~eral authors; a union-intersection test of (3.6) has also been obtained (see Seber 1984, p. 92 , and references therein). It seems apparent, however, that any test of (3.6) against a nondirectional alternative, which perforce must test I( I -1 )/2 parameters simultaneously, would represent a less powerful approach than limiting attention, as we have suggested, to a small number of contrasts e selected for their substantive interest.
3.3. The Case K > 1 Thus far in Sections 2 and 3 we have assumed no replication (K = 1). We now return to the case of general K. The entire discussion of Sections 2 and 3 extends immediately, by simply identifying l'ii of Sections 2 and 3 with Y ii· of the general case.
Implications of the Compound Symmetry Assumption
A common model for a randomized blocks design is a linear model with treatments fixed, blocks random, and no treatment-block interaction. In such a model, the covariance matrix of the observations is automatically compound symmetric.
In our earlier paper (Samuels, Casella, and McCabe 1990) we argued that, when blocks are regarded as a random factor, it is preferable to have a view of blocked designs which does not depend upon treatment-block additivity; however, in that paper we did assume compound symmetry.
Compound symmetry is quite a strong assumption. It does not preclude interaction, but it severely restricts the sort of interaction which may be present. In particular, compound symmetry requires that interactions be uncorrelated with the main effect of blocks.
To make this statement precise, let us decompose l'iik as (4.1) where the eijk are iid random variables with mean zero. Thus, Wij is the "true" response 
Conclusions
In many ANOVA settings, the assumption of homogeneity of variance might be regarded as a necessary evil. We have shown that, in the context of a randomized blocks design with blocks regarded as a random factor, the analogous assumption, of compound symmetry of the intrablock covariance matrix, is not innocuous and is often not necessary.
We saw in Section 4 that compound symmetry stringently limits the kinds of interaction that are permitted in the model. In Section 2 we considered the case of two treatments, where compound symmetry (which reduces to variance homogeneity) is not required for validity of the usual test for treatments. For this case we suggest using the parameter p to quantify the effect of blocks on the efficiency of treatment comparisons; we have described tests and estimates of p which do not require homogeneity of variances. In Section 3 we showed how, by focusing on contrasts of interest, the ideas of Section 2 can be applied to experiments with more than two treatments. (1938) . Power of the test based on (2.10) was determined from the central F distribution using the fact that [(1-p)(1 + f))/[(1 + p)(1-f))"' FJ-l,J-1 (see Kristof 1972) .
